The subject of our interest is an extended Chaplygin gas cosmology. In Literature a variety of cosmological models exist studying the behavior of the universe in the presence of the Chaplygin gas. From its initial form Chaplygin gas evolved and accepted different EoS-s and we will work with one of them. The main purpose of this work is to study behavior of the universe in Lyra Manifold with a varying Effective Λ-Term, which gives us modified field equations. We are also interested in the behavior of the universe in the case of an existing coupling between the quintessence DE and extended Chaplygin gas. We applied observational constraints and causality issue on our model to separate physically relevant behavior of the phenomenological model.
Introduction
The lack of a final fundamental physical theory to explain the dynamics of the Universe opens a great window for different speculations. Despite the huge effort still we are not able to answer to the fundamental open questions in a proper way which gives philosophical fights between different minds. To have accelerated expansion observed today and to have a possibility to explain this phenomenon in scope of GR we think about the existence of a "fluid" described by negative pressure and positive energy density, which wants to work against gravity. This fluid is known as dark energy (DE) . In Literature we describe DE via EoS parameter, which determines the decay rate of the energy thus affecting the background expansion and the evolution of the matter perturbations, however for the full description of the DE we need 2 more parameters.
In a phenomenological approach we should use its sound speed C s and its anisotropic stress σ [1] . An accurate and deep understanding can provide C s , which does not affect the background evolution, but a fundamental to characterize the perturbations. The anisotropic stress has been widely neglected and will be neglected in this work as well. The square of the sound speed is defined as
where P is the pressure and ρ is the energy density of the fluid. As a matter of fact, even a positive C 2 S can rise a causality issue, therefore to have a correct physics we should have a well defined range. Surprisingly, by its simple form the C 2 S is a good criterion to reject the theories [2] , [3] . A widespread viewpoint is
which also can be challenged [4] , [5] . Generally we could consider models with negative C 2 S as well, however it is out from our general goal and we will not discuss our model from that perspective. We will also follow to the Eq. (2) to extract the part of the phenomenological model not to violate the causality and to be physically meaningful. From the different observational data we know that we have a non static universe, while at the beginning Einstein believed in the static Universe, which assumed an existence of a negative pressure stopping the attraction of the universe, moreover we know that we have an accelerated expansion. According to the last observational data analysis we estimate the amount of DE to be 69% of the Universe [6] - [15] . The simple question of asking what is the nature of the DE is still one of the intriguing questions and left free space for various speculations, because existing theories and observational data are not able to give a final answer to this question. A big class of the DE models carries a phenomenological character and were introduced in cosmology by "hand". This is a working approach but not a satisfactory one, therefore the modifications of the field equations on the Lagrangian level could be considered more fundamental and satisfactory. This approach opened a wide range of the modified GR theories, but still with a big uncertainty, because the modifications have a crucial role in our understanding of the universe. In the modified theories a mathematical modification of the field equations gives rise to a term, which is eventually associated with the DE, and therefore DE becomes model dependent. Of course, we do not exclude the possibilities, that some of the approaches combined with particle physics, for example, could be useful and will illuminate phenomenology of the models completely. Consideration of the modified GR promises new insight into our understanding of the universe and it is one of the hot topics for the study. One of the goals of this work is to consider one of the modifications of GR and investigate the behavior of the universe in case of an extended Chaplygin gas [16] with EoS given as
where α and B are constants. We know that MCG is described by the EoS
The case of A = 0 recovers generalized Chaplygin gas EoS, and A = 0 together α = 1 recovers the original Chaplygin gas EoS. The best fitted parameters are found to be A = 0.085 and α = 1.724, while Constitution + CMB + BAO and Union + CMB + BAO results are A = 0.061 ± 0.079, α = 0.053 ± 0.089, and A = 0.110 ± 0.097, α = 0.089 ± 0.099 respectively [17] , [18] . Other observational constraints on modified Chaplygin gas model using Markov Chain Monte Carlo approach found that A = 0.00189 −0.2911 at 2σ level [19] .
An universe with the effective fluid described by Eq. (3) in future discussing modified scenario with the constant Λ shows that the accelerated expansion of the universe is possible to obtain. Moreover, we see that a transition from the decelerated phase to the accelerated one could take place during the evolution. The energy density of the extended Chaplygin gas will decrease through the evolution and eventually the universe will enter the phase with constant energy density of the gas. β(t) parameter is also a decreasing function completely vanishing t → ∞ which means that the dynamics of the universe for later stages of the evolution can be described by the field equations of GR with a constant Λ. With the appropriate values of the model parameters we can obtain a universe satisfying causality issue with the appropriate constraint on C 2 S given by Eq. (2) . Graphical behaviors of the the Hubble parameter H, the deceleration parameter q with the behavior of β(t) and C 2 S can be found in Fig.-s (1) - (2) for
Which is due to the constraints on the model parameters from causality issue and SneIa + BAO + CM B observational data for distance modulus versus our theoretical results. We found the following constraints on the model parameters, which are in good agreement with the results obtained previously. Table 1 : Values of the model parameters obtained from the SneIa + BAO + CM B data for distance modulus versus theoretical results for the single fluid -extended Chaplygin gas universe with constant Λ. Next, we are interested in the other scenario where a coupling between the extended Chaplygin gas and DE also exists. In Literature readers could find a variety of models of the DE motivated from different physical theories. In this Paper we would like to work with one of them which is known as Quintessence DE with ω Q > −1 [20] - [23] . Another class of quintessence DE models can include different modifications and extensions [24] - [26] . The quintessence DE is a scalar field model described by a scalar field φ and self interacting potential V (φ). Energy density and pressure of such models are given as
and
In our model the effective energy density and pressure assumed to be given as
where ρ Q and P Q are energy density and pressure of the DE, while P Ch and ρ Ch represent pressure and energy density of the extended Chaplygin gas. The self interacting potential for the scalar field is taken to be of the exponential form since exponential potentials are known to be significant in various cosmological models [28] 
where V 0 , A and γ are supposed to be constants. Moreover, related to the number of the field equations and unknowns (which will be discussed in the next section) we assume that the form of the effective varying Λ(t) is also given and its dynamical form is
Existing evidence of the coupling between DE and background matter is a hot discussion in theoretical Cosmology. From one side observations show the possibility of the coupling/interaction, but from the other side a fundamental theory answering why there should be interaction and how this coupling arose is missing. This makes good room for the phenomenological manipulations, but from the physical point of view it creates some uncertainties and is totally uncomfortable for works. There are many forms for the interaction term Q (usual notation of the interaction) considered so far. On a phenomenological level we consider interactions based on the dimensional analysis of the energy conservation equation giving hint that the dimension of Q should be [energy density]/[time]. In Ref.
[27] a new form for the term Q was considered which for our model turns to be
with the Hubble parameter H, a constant b, energy density of the CG and field φ. In the same work another interesting form for Q also was considered
where b and m are constants, which with m = 1 will reduce to Q = Hbρ: the form intensively considered in Literature.
The paper is organized as follow: In the "Introduction" section, besides the introduction, the general behavior of the single fluid cosmological model with the constant Λ in Lyra geometry is considered. In section "The field equations" we discuss modified field equations and introduce interaction term Q into dynamics of the universe. In section "Model and physics" we discuss behavior of the model resulting from the causality issue and observational constraints. In the last section we give conclusion.
The field equations
Lyra geometry is an example of scalar tensor theory and one of the modifications of GR suggested by Lyra as a modification of Riemannian geometry [32] . In this modification the Weyl's gauge is modified. Field equations constructed an analogue of the Einstein field equations based on Lyra's geometry that can be written as [33] , [34] 
It was pointed out that the constant displacement field ψ α of this theory can be interpreted as a cosmological constant Λ in the normal relativistic treatment [35] . We are interested in the other modification of the field equations which contain varying cosmological constant Λ(t) and which can be written as [36] , [38] -[41]
Considering the content of the Universe to be a perfect fluid, we will have
where u µ = (1, 0, 0, 0) is a 4-velocity of the co-moving observer, satisfying u µ u µ = 1. Let ψ µ be a time-like vector field of displacement
where β = β(t) is a function of time alone, and the factor
is substituted in order to simplify the writing of all the following equations. By using FRW metric for a flat universe
field equations can be reduced to the following Friedmann equations
where H =ȧ a is the Hubble parameter, and an overdot stands for differentiation with respect to cosmic time t, dΩ 2 = dθ 2 + sin 2 θdφ 2 , and a(t) represents the scale factor. The θ and φ parameters are the usual azimuthal and polar angles of spherical coordinates, with 0 ≤ θ ≤ π and 0 ≤ φ < 2π. The coordinates (t, r, θ, φ) are called co-moving coordinates. Cosmological models with reach and interesting physics are possible to build using metrics different than F RW . It is an interesting research to consider cosmological models with anisotropic DE [37] , because it was demonstrated that we can construct models for the Universe approaching isotropy even in the presence of an anisotropic fluid, moreover fluid also isotropizes in the accelerated expanding Universe. As such models are not the object of our resent investigation we found appropriate to refer our readers to [37] and references therein for more information on such models.
From Eq.-s (19) - (20) directly follows that the continuity equation reads aṡ ρ +Λ + 2ββ + 3H(ρ + P + 2β
2 ) = 0.
Withρ + 3H(ρ + P ) = 0,
Eq. (21) will give a link between Λ(t) and β(t) of the following forṁ
To introduce an interaction between DE and DM, usually, we mathematically split Eq. (22) into two equations where interaction term Q enters explicitly and controls the dynamics of the energy densities of the components asρ
andρ
We start analysis of the two-fluid component cosmological model in the next section.
The Model and physics
We would like to start our discussion with the model where we have constant gravitational G and cosmological Λ constants. Such consideration simplifies the field equations under consideration. According to this assumption we can see that Eq. (21) will be modified tȯ
and with the other assumptionρ + 3H(ρ + P ) = 0 we will have a differential equation for the dynamics of the β(t)β + 3Hβ = 0.
An integration of the last equation reveals a dependence between β(t) and the scale factor a(t) as following
where β 0 is the integration constant. The explicit form for the Hubble parameter can be used here which can be obtained from Eq. (19)
We see that β(t) → 0 when a → ∞. The interaction Q = H 1−2m bρ m Chφ 2 will give us the following two differential equations describing the dynamics of the energy densities of the fluid components
where b and m are constants. Further analysis of the model assuming a dynamical form for the Λ(t) is performed numerically and the results are discussed below in a proper way with great accuracy. We also would like to mention that our main goal is to illuminate a realistic part of our phenomenological model using physics related to the causality issue, which directly imposes constraints on the square of the sound speed C 2 S to be a positive and between 0 and 1. In both cases: constant Λ and Λ(t), we fix values of the parameters in such a way as to have a stable cosmological effective two-component fluid and DE at least for the later stages of the evolution (Fig. 3) . Moreover, we apply SneIa + BAO + CM B observational constraints on the model to find the best fit of the theoretical model with observations ( Fig. (4) ), from the other hand this will narrow the possible range of the values of the model parameters and we will have an appropriate model. In case of the constant Λ we found β(t) → 0, which was and seen in the case of the single fluid model presented in "Introduction" section and we have the same conclusion about the theory describing the old universe. Cosmology corresponding to the varying Λ shows a different behavior and can not be described by the field equations of GR, because β(t) is not a vanishing function anymore and admits a positive small constant value (Fig. 5 ). For our model we see that the Hubble parameter (presented in Fig (6) ) in both cases is a decreasing function and H → const when t → ∞. It is positive from the beginning of the cosmic evolution to the end, therefore we will have only expanding universe. The deceleration parameter for the universe with constant Λ and G is a positive at the beginning, but we observe that in this scenario transition to q < 0 could be seen in the early history of the universe, which could be changed again with transition to q > 0. However our universe will enter the old universe phase with constant and negative deceleration parameter q. When we consider a dynamical Λ(t), basically we see the same behavior compared to the previous case with one difference, that the transition amplitude and time scales can be changed (to be longer). The discussed behavior of the deceleration parameter q can be found in left and right plots of the Fig. (7) . At this step Table 2 : Values of the model parameters obtained from the SneIa + BAO + CM B data for distance modulus versus theoretical results for the two-component fluid universe with constant and varying Λ.
we can conclude that with our model we can have a universe with accelerated expansion. Furthermore, the next important step will be understanding the behavior of the content of the Universe, therefore we would like to discuss the behavior of the EoS parameters of the fluids and the effective interacting fluid. We saw that our universe can be in several different phases, but eventually will enter de-Sitter Universe with ω tot = −1 (Fig. (8) ). We observe also interesting oscillatory behavior in ω Ch in case of the varying Λ(t) for the relatively early stages of the evolution which vanished completely in the old universe. Our universe for latter stages of the evolution will be only in the quintessence phase. Further analysis revealed that we have interesting constraints on the model parameters and they are in good cooperation with the results from the Literature obtained before. For instance, in the universe with the constant Λ we obtained 0.01 ≤ α ≤ 0.05 and 0.01 ≤ α ≤ 0.07 for the universe in case of the varying Λ. Further information for the other parameters can be found in Table 2 . Graphical behaviors of the cosmological parameters for the two-component fluid universe corresponds to the extended Chaplygin gas of the form
which provides the best fit of the cosmological model with the observational data. 
Discussion
In this Paper, the first cosmological model with the constant Λ corresponds to the universe with an extended Chaplygin gas as the content of it. The second model we considered to be an effective two-component fluid universe with the interacting extended Chaplygin gas and the scalar field quintessence DE. For the second model we perform analysis for two cases accounting the constant and varying cosmological constants. Instead of field equations of GR theory, modified field equations mediated by Lyra geometry are used to describe the dynamics of the universe. The models are investigated in general manner for a class of self interacting potentials V (φ) of the exponential form. We found that all models are able to reproduce the accelerated expansion of the universe, where the content of the universe has a reasonable behavior. Behavior and the values of the Hubble parameter H and the deceleration parameter q are in the acceptable numerical range comparable with observations. In order to illuminate only the correct behavior of our models from the physical point of view we applied observational and causality constrains. Obtained constraints on the models parameters agree with the previously obtained results. We finish our work with the conclusion that we proposed and analyzed cosmological models with great accuracy and find out that our models are good models for the old universe. According to our models very old Universe corresponds to the de-Sitter Universe with ω = −1, where extended Chaplygin gas will control the dynamics of the universe, while in the beginning quintessence DE would be dominating and controlling the dynamics of the universe (Fig 9) . We think that 2 and Ω Q = ρ Q /3H 2 against t for the constant G and Λ represents the left plot. The right plot represents the behavior of the critical densities Ω ECG and Ω Q assuming Λ(t) = ρ Ch + ρ Q with the constant G.
for the future analysis it will be interesting to include different forms of the interactions/couplings between extended Chaplygin gas and quintessence DE for this background, we also can investigate, for instance, the behavior of the models in the presence of the viscosity, which is known to be one of the ways to model the irreversible processes in an isotropic and homogeneous universe.
